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Abstract 

This is an introduction to the physical pictures of Yangian symmetry. All 
the discussions are based on the RTT relations which have been known to be 
related to the Hamiltonian formulations for quantum integrable systems. The 
explicit calculations of Yangian associated with gl(2) are given through solving 
the RTT relations. It contains the Drinfeld's Y(sl(2)), Y(sl(n)) and Heisenberg 
type of Hopf algebras. Examples are emphasized to show the physical pictures, 
such as Hubbard model, Haldane-Shastry model, Long-range interaction models 
and Goryachev-Chaplygin(G-C) gyrostat. The example of the trigonometric 
extension of G-C gyrostat are also shown that leads to the non-commutative 
geometry naturally on the basis of the truncated q-affine algebra. 
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1 Introduction 



An integrable system is said to be solved if the equation of motion is solved or all the 
conserved quantities are found. From the point of view of Nother theorem equations 
of motion and conserved quantities co-exist in connecting with certain symmetries of 
the £agrangian. In quantum mechanics, to obtain the spectrum we can either solve 
the Schodinger equation or find all the symmetries in the system. The typical example 
is the Hydrogen atom which possesses another SU(2) invariance due to the Runge- 
Lenz vector besides the well-known SU(2) associated with the spherically symmetric 
potential U(r). With the given SO(4)=SU(2)<E>SU(2)) symmetry the spectrum of a 
Hydrogen atom can easily be obtained without the explicit form of the wave function 
satisfying Schrodinger equation []J. In this example the family of the symmetries 
consist in the two SU(2) that commute with each other, namely, the two conserved 
quantum operators corresponding to the symmetries form a commuting family. This 
simple example provides a representation of completely quantum integrable systems. 

To extend the above analysis to nonlinear models it should be noticed that a quan- 
tum many-body problem in the first quantization form with conserved particle number 
N is, in principle, equivalent to the corresponding quantum field theory(second quan- 
tization form). The typical evidence is the equivalence between 5- interaction model 
with the Hamiltonian 

N 

H=-Y,ci? + 2c525(x i -x j ) (1.1) 

and the nonlinear Schrodinger equation M: 

H = J dx (^d x (f)d x( f)* + 2c(00*) 2 ) (1.2) 

where <fi = 4>(x, t) stands for the second quantized operator. 

In solving a many-body problem we meet also two approaches. The first one is 
to solve the Schrodinger equation directly. It is the well-known Bethe-Anastz meth- 
ods ||. The second approach is to find the commuting family of conserved quantities 
consisting of quantum operators, that is known as the Quantum Inverse Scatter- 
ing Methods(QISM) ||. Although the Bethe-Ansatz approach is more powerful in 
solving the 1-dim. many-body problems, the QISM provides a model-independently 
systematic method to deal with the (1+1) dimensional integrable QFT |4j]. In this 
approach the RTT relation plays the central role. For a wide class of models it takes 
the form |J: 

R{u - v){T{u) ® I) (I® 7») = (/ ® T{v)){T(u) ® I)R{u - v) (1.3) 

where T(u) stands for the quantum transfer matrix and u and v the spectral param- 
eters. In general, 

T{u) = \\T ab {u)\\l b=l (1.4) 
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and R is then N 2 by iV 2 c-numbered matrix. In eg. ( |1.4j ) each element T a b(u) is 
it-dependent quantum operator. For this reason the space spanned by the indices 
a,b, . . . is called "auxiliary space", whereas the Hilbert space spanned by T a b itself is 
called "quantum space" . 
Defining 

(1) (2) 

T [u)=T{u)®I, T{v)=I®T{v) (1.5) 



the eq.( |1.5D can be recast into the form || 

(1) (2) (2) (1) 

R(u - v) T (u) T (v) =T (v) T (u)R(u - v) (1.6) 

(1) (2) 

where each element of T is a quantum operator so that the ordering for T and T is 
very important. Noting that 

(1) (2) 

(T (u) T (u))ij,fci = (T(u) ® I)ij, m n(I ® T{v) mnM = {T{u)®T{v)) ijM 



the component form of eq. J1.6 ) is 

R{u - v) ij;ms (T(u) ® T(v)) msM = (T(v) ® T(u)) ji>sr R(u - v) rsM 
that can be rewritten in the form 

R(u - v)i^ rs (T{u) <g> T{v)) rsM = (T(v) ® T(u)) ij)rs R{u - v) rsM 



i.e., 



i?(u - v)(T(u) ® T(v)) = (T(v) ® T(u))R(u - v) (1.7) 

where 

i?(u) = Pi2(«) or % w = P ji)W (1.8) 
From eq. (|1.6|) or eq. ( |iT7|) it follows: 

(1) Because i?(u) is non-singular matrix: 

T(u) <g> T(u) = i?" 1 ^ - v){T(v) ® T(u))R(u - u) (1.9) 
hence, by taking the trace of both of sides we have 

[trT(w), tr7»] = (1.10) 

where the commutation relation is taken over the quantum space. By taking the 
expansion in terms of u and v 

tiT{u) = Y J u~ n J {n) (1.11) 



we get 

[J (n) , J (m) ] = (1.12) 

1. e., there exists an infinite set of conserved quantum operators j( n \ 

(2) In eq. ( |1.6|) the R-matrix gives rise to the exchange between the space 1 and space 

2, we can denote the R by i? i2 . Similarly it can be introduce R^ through 

m) um 

Rij TT—TT Rij 

then 

1 2 3 3 2 1 

-R12-R13-R23 TTT=TTT -R12-R13-R23 

and 

1 2 3 3 2 1 

-R23-R13-R12 TTT=TTT R23R13R12 
that lead to 

321 

[i?l 2 i?l 3 i?23(-R23-Rl3-R23)~ ,TTT] = 

where the first term in the commutator should be unity because its determinant is 
unity. Thus base on the associativity we have the Yang-Baxter equation(YBE): 

Rl 2 (u 1 2)R 1 3(u 13 )R 2 3(u23) = #23<>23)#13(>13)#12(>12) Oij = «i ~ Uj) (1.13) 

YBE is a set of algebraic equations. The component form of YBE reads: 

R%(u 12 )Ri(u 13 )RZ(u23) = R£(U23)RZ(U13)RZ(U 12 ) (1.14) 

where the repeated indices mean summation. 

Now the standard procedure to deal with a Y-B system is: 

1. Solving the YBE to find a R- matrix satisfying eq. ( p.,14|) . 

2. Finding the commutation relations for T a b by solving the RTT relation eq. ( |1.6|) 
or eq. ( |1~7|) . 

3. Making a physical realization of T a b. 

4. Substituting the T ab into trT or other conserved quantities that commute with 
trT to find the Hamiltonian. 

5. Following the QISM to find "spectrum". 
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The step 2 is crucial. The RTT relation can give rise to new types of symmetries 
associated with nonlinear interaction other than the Lie algebraic structures for the 
linear models. The simple examples of i?-matrices satisfying YBE is given below: 

(a) The simplest rational form |J: 

R(u)=u + P, R(u)=uP + I (1.15) 
where P is permutation operator P(a®b) = (6® a). For a rational .R-matrix we have 

oo 

T(u) = u~ n T (n) (1.16) 

n=0 

i.e., the expansion of the transfer matrix is taken in the "half" axis of the spectral 
parameter u. 

(b) The simplest trigonometric form M: 



R(u) 



xq — x 1 q 1 



sinh(u + 7) 



q — q 1 x — x 1 
x — x^ 1 q — q^ 1 



sinh 7 sinh u 
sinh u sinh 7 



xq — x l q 1 



sinh(-u + 7) 



(1.17) 



where x = e u , q = e 7 , or 

sinh(w + 7) 

R(u) 



sinh u sinh 7 
sinh 7 sinh u 



sinh(-u + 7) 



'1.18) 



that corresponds to the 6-vertex model. Obviously by u — > and let 7 — > 0, 
eq. Ql.171 ) tends to 

R(u) -^j(I + uP). 

Noting that the overall constant factor to i?-matrix can always be dropped. Therefore, 
eq. (|1.15| ) is nothing but the rational limit of eq. (|1.18|) . 
(c) The simplest elliptic solution reads ||. 



R(u) 



a(u) d{u) 

b{u) c{u) 

c{u) b{u) 

d{u) a{u) 



;i.i9) 
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where 



a[u) 
b{u) 
c(u) 
d(u) 



e {r,)e {u)e x {u + r,) 

eoivMuMu + rj) 
6 l ( V )9 (u)9o(u + r 1 ) 

oo 

n (1 - 2p ( - n - 1)/2 cos27ru + p 2n - l )(l-p n ) 



1.20) 



n=l 



x (u) = 2phmnul[(l-2p n cos27iu + p 2n )(l-p n ) 



(1.21) 



n=l 



with 7] and p being free parameters, i.e., i?-matrix given by eq. ( p.. 18 ) is double 
periodic. When p « 0, #o( M ) ~ 2sin 2 (7ra), #i(m) ~ 2p8sin7ra, we have a{u) « 
/(p) sin7r(u + 77), fe(it) « /(p)sin7ra, c(tt) ~ f(p)sm7rrj and d(tt) ~ 0. Hence, 
eq. (|1.19| ) — ► eq. (|1.18|) , namely, it is reduced to the trigonometric form. 

The types (a), (b) and (c) correspond to the vertex models. Beyond them there 
is the fourth type of i?-matrix [[|: 
(d) Chiral Potts model 

This type of solution is expressed in terms of functions W pq (a — b) and W pq (a — b) 
that satisfy 



£ W/ pr (a - d)W qr (b - d)W pq (d - c) 

d 

= RpqrWprip - c)W qr ((l - c)Wp q (a - b) 

where W and W can be illustrated in terms of the diagrams 



(1.22) 



a o 




o b 



p q 
W pq (a - b) 
Eq. (|1.22 ) can be solved: 



9 P q(n) 



00 



W pq (n) 
W pq (0) 
W_ pq (n) 

w pq (o) 

e N 



n d b 



j=i b P d q 



a p c q uj J 



JL UJCL p d q — dpdqUji 
j=l C pbq ~ bpC q Uji 




W pq (a 



b) 



1.23) 
1.24) 
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and 



R 



fpqfqr 



pqr 



Si 



pq 



fqr 



UZ=i W pq (m) 



The self-duality conditions: 



TV 



a P ' + b p 



simplify the solution to 

9pq(n) : 



i b p - a q uji 



n 



Lua, n 



a n LO- 



j 



j= i b q -b p ujj 



(1.25) 
(1.26) 

(1.27) 

(1.28) 
(1.29) 



where a p , b p and ufi are all parameters. Especially, a p and b p play the role as the 
spectral parameter u in the vertex models. 

The main goal of this lecture is to give a physical understanding on the conse- 
quences of RTT relations for i?-matrices are rational and trigonometric. We shall 
first calculate the explicit commutation relations satisfied by (a, b = 1,2) with 
the R- matrix given by the rational form eq. ( 1.15Q , then introduce the Yangian sym- 
metry given by Drinfeld [HJ. We try to give a phyiscal interpretation of Drinfeld's 
theory. Next we would like to discuss variety of physical realizations of Yangian and 
point out how the Yangian symmetry is used to construct Hamiltonian for a quan- 
tum integrable system. As an example, the long-range interaction model for sl(n) 
will be discussed. The trigonometric solution of i?-matrix eq. (|1.18|) gives rise to the 
quantum algebra, we shall explain how to find a q-deformed model based on the 
truncated affine quantum algebra. For reader's convenience we would like make the 
paper self-contained. 

§2 RTT Relation and Y(sl(2)) 
§2.1 RTT and its Commutation Relations 

For the given sl(2) i?-matrix shown by eq. ( |1.15 ) the permutation P takes the form 



1 

1 



(2.1) 
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Setting the transfer matrix 



T(u) 



T n (u) T 12 (u) 
T 21 (u) T 22 (u) 



where 



]T u - n T {n) 



(2.2) 



n=0 



Tab(u) = ^2 U ' nT ab (0,6=1,2) 



(2.3) 



n=0 



and substituting eqs. (|1.15|) and ( |2.2|) into eq. (|1.7|) we find the relations satisfied by 
T ah (u) (a,b,c,d = 1,2): 



(u - v)\T bc (u), T ad (v)} + T ac (u)T bd (v) - T ac (v)T bd (u) = 



(2.4) 



that can be expanded in terms of u and v through eq.i 



(m, n = 0,1, 



.,00) 



\rp(0) 
[ 1 ab ■ 



T (nh = q 



6c 



ttfi 



[ J be , 1 c 



■ ad J 



I rp(n)rp{m) rp(m)rp{n) 
T 1 nr J-hd 1 nr 1 h, 



bd 



eqs. (|2.5|) and ( p76|) have the following independent relations (a, b,c,d = 1,2) 



l 1 ab i 1 ab 



Y 1 11 , 

L J n , 



rp(m 

1 12 

rp(m 

I 21 



rrT-i(n+l) rp(m 
[ 1 22 i 1 12 

\rp{n+l) rp{m 

[ 1 22 i 1 21 



rrp(n+l) 
I 1 11 : 

[T[ 2 +1) ; 



T. 



(m 



22 



r T (m) rp(nh 
l-Lab y 1 cd \ 

Ti 2 +1 \ 



rrp(n) , 
I 1 ab > 



cd 



21 



[T 22 

(n 
22 

12 



[7$ 



rp(n)rp(m 

1 11 I 12 



rp(m+l)-l , rp(n)rp{m 

-1-21 M~ J 21 -Ml 



J 

rj-i(m+l)l . rp{n)rp{m 

1 12 \ + J 12 -M 

_,_ rp{n)rp{m 



T 2 ™ +1 ^] 



rp(n)rp 

L 22 1 2l 

rp(n)rp(m 

1 21 2 12 

(n)rp(m 
J- 1 



+ 71 



m )i 



rp(m)rp(n 
" 1 11 J 12 

rp{m)rp(n 



11 

rp(rri)rp(n 
~~ 1 12 J 22 

(m)rp(n 



21 

-r(m)/- 



rpK<ll)rp 

L 22 lr 



21 



(m)rp{n 



J 21 J 1 



12 



22 



11 



(m)rp(n 



rpyill)rp 

L 22 1 1 
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(2.5) 
(2.6) 



(2.7) 
(2.8) 

(2.9) 



Obviously, must be a c-numbered matrix. Because the form of RTT relation is 



invariant under a similar transformation, without loss of generality two possible forms 
of matrix 



and 



(A) T (0) 



(B) T(°) 



1 
n 



1 




(2.10) 



(2.11) 



are allowed. 
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§2.2 Y(sl(2)) Symmetry 

In this section only (A) is taken into account. In this case eqs. 
to the following independent set of relations: 



where 



and 



\rp\rri) rp(n)^ _ „ \rp\m) rp 
[ 1 ab ) 1 ab J — U ' i 1 ab J J < 



X 



(i)i 



21 



(m) 



-i(n)n 



P^W] (n,m>l) 



L J 12 ? 

[T (n) (/i),T ( 



■ ab 



T, 



ab 







n 



T 3 (n) (/i) 



tW „t(») 

J 22 A" 11 i 



(n) 
22 



(») 



^(n) 
J 12 j 



T 3 (2) (/i)] + 2/i(T 2 ^T^ - T&'Ttf) = 



[r (B) (A*),rW]+rgM B) 



ji(n) 
,(1)^(2) 



T-t(") 

J 21 



(1)^(1)^ 



pr (B V)^ (8) 



(a*) 



21 



rp(n+l) 
J 12 








1,2, a,6=l,2) 



are reduced 

(2.12) 
(2.13) 



T 2 ( r +1) = (2^{{Tg\Tt\n)] + T«lfV) 



(n > 1) 
(n > 1) 

(A*)} 



T 3 (n+1) (/i) = [Ti7,T, 



(») ^(2)i 



21 



"r J 22 J ll 



T i(n) Tn (l) 
J 12 J 

rW, (n > 2) 



(2.14) 
(2.15) 



(2.16) 



It is emphasized that because of the iterative relation eq. (p. 16 ), only and 
are basic ones. To satisfy all the relations with T^ n '(n > 3) it is enough to look for 
the constraints to T^ 3 ' that in turn to provide the constraints to itself. Before 
doing this let us introduce the "physical" operators: 



T (i) 

1 12 

7^(2) 
1 12 



a 



J 21 

7^(2) 
1 21 



a_/_, T 3 (1) (/i) 
/3_J_, T 3 (2) (^) 



2/^3, 
2/5 3 J 3 , 



(2.17) 
(2.18) 



where a±, (3± and (3% are constants to be determined. 

Substituting eqs. fl2.15| ) and (|2.16|) into eqs. ( |2.12| ) and ( |2.13| ) one obtains 



and the algebraic relations 



ft 



(2.19) 



[J 3 ,/ ± ] = ±/ ± , [/+,/_] = 2/ 3 

[h,J±] = [J3,I±] = ±J±, [I±,J4 

[i±,J±] = [h,M = o 



±2J 3 



(2.20) 



or by 



I± — h ± ^2, J± = Ji ± i J2 



(2.21) 
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we have 



ie Xflu , (\,fi,v = 1,2,3) 



(2.22) 
(2.23) 



Next we have to look for the constraints to by taking eqs. (|2.11|) - (|2.16 ) into 
account. It is easy to know from eq. (|2.12 ) that 



I 1 22 ) J ll 



(3) T (2) 1 



P22 5 ± 11 

From eq. (|2.16|) it follows 



(2) r (2), 
12 5 J 21 J 



rp{l)rp{2) rpyzjrp^ 

L 22 L \\ L 22 1 \\ 



,(2W1) 



(2.24) 



(2.25) 



By taking the commutator between T 22 and both of sides of eq. ( |2.25|) and using 
eq. ( |2.24j ) we obtain 



Similarly 

\rp{2) rp(3)l 
I 1 11 ) J 22 J " 



\rp(2) rrp(2) rp(2)-|l . rp(l) Trp^) rri(Z 

I 1 22 5 L 12 ? 21 JJ ' 22 I 1 22 i 1 11 



(1W2) ^,(2)1 



(2) ^pWl) 



,(2) ^(3)i 



Hence, the relation eq. (p]) for [T£> , T$] = [T£\T} 2 



leads to 



■21 ^12 



With the same manipulations to T 12 in eq. (|2.16|) one gets 



\rp{2) m(3)-i _ 
L J 12 ? J 12 J " 



\rp(2) trp(2) rp(2)-|-| ,rp(l) trp(Z) rp^)l rp[Z)rrp[Z) rp( 

I 1 12 ) I 1 22 ? 1 12 JJ ~<~ 1 12 I 1 12 > 1 22 J J 12 [ J 12 j J 22 

From [T^Mf] = it follows 

Similarly the relations [T 2 i , T 2 ^ ] = provides the constraint 
[T§\ [T 3 (2) (/i),T 2 ( ?]] = rfiW^V) - T^Tf^)) 
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,(1W2) rpph 



(2)^(2) T (2)n 
12 ) J 11 J 
,(2)r^(2) ^(2)n 



(2.26) 



(2.27) 



(2.28) 



(2.29) 
(2.30) 



(2.31) 



(2.32) 



By taking [T 12 , Tg 3 ^)] and [T^i , ^3 (/■*)] where T^ 3 ^//) is given by eq. ( |2.16j ) and 
considering eq. (j2.9|) we obtain 



2/i^?, [T^,^?]] + [if V), [Tf^),^?] 
(T^lf V) - I^lf (Ai))(T 8 %) + 2Ai) 
-2//T 1 ( 2 ) (T 2 ( i ) T 1 ( 2 ) -T^T^) 



(2.33) 
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and 



= (T^Tf^) - I$>lf (/,))(Tf ( M ) - 2/i) 

+2 /U T 2 ( 1 1) (T 2 ( 1 2) T 1 ( 2 1) - T^Tf) (2.34) 

we thus have exhausted all the relations including in eqs. ( p.9|) -( ^T6|) . Substi- 
tuting eqs. (|2~T7|) and ( gl8|) into eqs. (gT2g)- (|2T3g ) we derive 



[J 3) [J +) J-] 



2[J3,[J3,^±]] + [J±,[J±,^ 



-/ 3 (J-/ + -/-J + ) 
-I±(J ± I 3 -I ± J 3 ) 



P+/3 
By introducing 



(2.35) 
(2.36) 

(2.37) 
(2.38) 



the eqs. ( |2.35| )-( [2~37| ) can be recast into 
where 



{xi,x 2 ,x 3 } 



With eq. ( |2.23|) it is easy to prove that 
[J A ,[J M ,4]]-[/ A ,[J M ,J,]] = 



(2.39) 

(2.40) 
(2.41) 

(2.42) 



In conclusion for given i?-matrix eq. (|1.15|) by solving RTT relation we find the 
infinite algebra shown by eqs. ( |2.22| ), (|2.39| ) and ( |2.42j ). This algebra is not closed 
since are not closed. Moreover the coproduct A is defined by 



AT ab (u) = Y,T ac (u)®T cb (u) 



that by setting T 22 = jj,I 3 and T$ 



-fil 3 leads to 



A(/a) 
A(Ja) 



h ® 1 + 1 ® h 
J\ ® 1 + 1 ® J\ 



hC\p U I u 



i- 1 ■ 



(2.43) 

(2.44) 
(2.45) 



This set of infinite algebra is called Y(sl(2)). 
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§2.3 Drinfeld's Theory of Yangian 

Let g be a finite-dimensionally simple Lie algebra the associated algebra A is generated 
by elements I\ and J\ with defining relations 

[h, Q = C X ,J U , [I x , J,] = C Xtlu J u , (2.46) 
[J\, [Jf,, I v }} - [I A , [Jfj,, Iu\\ = h 2 axf,ua^{I a , 1/3, M (2A7) 

[[Jx,J,],[I r ,Js]] + [[Jr,Js],[h,J^]] 

= h {0>Xnvaf3~fC TSV + CL rsua [3~ / Cxf J ,v){Ion I fit -^7} (2.48) 

where the Cx^v are the structure constants of g, ax^ap-y, {^1,^2,^3} are given in 
eqs. ( |2.40| ) and ( f2.41| ) and all the repeating indices imply summation. Moreover, the 



co-multiplication is given by 

A(/ A ) = J A ®1 + 1®/ A (2.49) 
A(J A ) = J x ® 1 + 1 ® Jx + \hC x ^Iu ® I„ (2.50) 



that are the same as eqs. (|2.44|) and ( p.45|) for si (2). Set eqs. (|2.46|) - (|2.50| ) is called 



Yangian denoted by Y(g). Setting h — 1 it is a Hopf algebra. When g = sl(2) 
eq. ( |2.471 ), i-e., eq. (|2.42j ) is identically zero. However eq. (|2.48|) holds that has 



been shown in the above calculation. For g = sl(n)(n > 2) Drinfeld pointed out 
that 0] eq. (|2.48|) follows from eqs. ( |2.46|) and (|2.47|) which is usually called serre 



relations(There is a mis-print in the remark appeared in p255 of Ref. ||10|| ). 

On one word for sl(2) eqs. (|2.46|) and ( p.48|) should only be concerned, whereas 
for sl(n)(n > 2) only eqs. ( |2.46| ) and ( [2.47|) should be taken into account. In the 
§2.1 the Y(sl(2)) has explicitly been obtained based on the RTT relation, let us take 
Y(sl(2)) as an example to show the properties of Yangian. 

1. It contains the classical algebra s/(2) as a sub-algebra denoted by the set 
{/ A }(A = 1,2,3) that is closed. 

2. Besides the set {Ix} there appears a new set {Jx}(^ = 1)2,3) which are not 
closed. Hence with {Ix} and {Jx} an infinite algebra can be generated. 

3. Observing the expansion eq. ([2 .3D it looks like a loop algebra with the deference 



that the obey the "deformed" commutation relations. Thus we may regard 
Yangian as a deformed loop algebra. We have known that both of sides of 
eq. (|2.47| ) vanish identically for s/(2). The spectral parameter u plays very 



important role in the Yangian theory. Just the spectral parameter dependence 
gives rise to the new operators {Jx} beyond the usual Lie algebra sl(2), and 
make the infinite algebra not the loop algebra. 
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4. The RTT relation provides a standard method to generate Yangian even though 
the calculations are tedious. From the RTT relation we have derived the com- 
mutation relations satisfied by {I\} and {J\} that are quantum operators. The 
realizations of such operators can be made through the usual quantum me- 
chanical operators or second quantized operations. The Yangian symmetry is 
model-independent. It is related to a given Lie algebra. However a realization 
is model-dependent. Hence it is connected with the specified physical model. 

§2.4 detT(u) Associated with Y(gl{2)) 



For sl(2) a R- matrix is given by eq. ( 1.15|) and the T{u) is 2 by 2 matrix. Each 
elements of T(u) matrix is quantum operator. The inverse of T(u) is defined by 



T'Hu) 



Tn{u) T 12 (u) 
T 21 (u) T 22 (u) 



(2.51) 



detT(u) 

and detT(u) should commute with T ab (u)(a, 6 = 1, 2): 

[detT(u),T ab (v)} = 0, (a, 6 =1,2), (2.52) 
i.e., detT(w) is a center of the algebra. From eq. ( |2.4j ) by setting u — v = 1, it follows 
[T bc (u), T ad {u - 1)] - T ac {u)T bd (u - 1) - T ac {u - l)T bd (u) = (2.53) 

1 and making comparison 



Substituting eq. (P3IQ into T-\u)T(u) = T(m)T- 1 (m) 
to eq. ( ^.53| ) we have 

f 12 (u) = -T 12 (u-l) f 21 (u) = -T 12 (u-l) 
f n (u) = T 22 (u - 1) f 22 (u) = T n (u - 1) 



and 10 



detT(w) = T u (u)T 22 (u 



T^ 2 (u)T 2 a(u - 1 



(2.54) 



(2.55) 



The direct check also verifies the validity of eq. ( |2.52j ) by virtue of eq. (|2.55 ). Of 
course, it holds 



[detT(«),tiT(t;)] = 0, (a, 6 = 1,2), 
The conserved family C n determined by 

oo 

detT(w) = u- n C n 



(2.56) 



(2.57) 



n=0 
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can be calculated explicitly: 

Co = 1, C 1 = T$+ t jT£ ) =T$ L \ri 

^ - h W+ If , m _ 1)W +22 + 



m + n + I = j 
m, n^O 



+ r. 



E ( t +m iMM ! WW - ^"MrO (J > !)• (2.58 



The explicit forms of Ck are: 

d = T 2 ( 2 1) +/iT 1 ( 1 1) =T (1) (/i)= yU iV, (2.59) 

C 2 = {ft) + T 2 { 2 1} + TiM? ~ T$T$ = KM + l -N + l -N 2 ) (2.60) 

c 3 = if ( M ) + rf ( M ) + t$t£ - iff + t«t|) - ifri? + c 2 

= -jiMN (2.61) 



where 

T (1) (/,) = /,7V, (2.62) 
T (2) (/i) = T^ + mT^^^ + M), (2.63) 



with 



F = E 4 2 (2-64) 

A=l 

the casimir of p/(2) algebra. 
It can easily be proved that 

[C m , J< n >] = 0, [C m ,C n ]=0 (2.65) 

for any /x. Therefore C m commute with any conserved quantities. 

Finally, let us summarize the RTT relation shown by eqs. (|2.5|) and ( |2.6j ) that 

V): 

[Ti 1 \T^]=0, (a = ±,3) 

[ T W ) T Wj = [r 3 (fc) , Ti 1} ] = ±2/iTi fc) , (Jfe = 1, 2) (2.66) 

|-ji(1) rp(k)j _ Jjr(fc) yr(l)j _ Ji^fc) 

[T (n) ,T (m) ] = 0, (Vn,m) 
[r (i) )T (n) ] = [T (n) )T (i) ]=0) (a = ±j 3); 



can be reduced to the following independent set of relations (T^ = T^ n \jj), Tq 



[T (2) ,Ti 2) ] = ±(T 3 (1) Ti 2) - T^T^), 
[T (2) ,T 3 (2) ] = 2 A i(Tj 1) Tl 2) -Tj 2) T a) ), 

Ti n+1) = (2 /U )- 1 {±[T 3 (2) ,Ti : n) ] +T (n) Ti 1} -T (1) Ti n) } 
T 3 (n+1) = [Ti n) ,T ( ^] + (2 /U )- 1 (T (n) T 3 (1) - T (1) T 3 (n) ) 



(2.67) 



(2.68) 
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and 



T M] = o ( a + 0, m < n, n > 2) 
which is equivalent to 



[Tt\ [T 3 (2) ,Ti n) ]] ± [Ti m; ,T w ]T : 



(m) T (n)i T (l) 



(m) rrr (n) ^(2) 



[ T W jT W]] + 



(m) ^(n)! 



,r 



(2.69) 



(2.70) 



To show the relationship for the set of eqs. (|2.66|) - (|2.69|) and the set of eqs. Q2.22 
(HH) and (|2~39| ) i.e., the Drinfeld form for Y(sl(2)), by taking m = n = 2 in 
eqs. (g6|) and ( 077^ ) it follows 



2/i[T : {2) 
2/i(T 



(1) T (2) _ 



(2) ™(2) 



(2) ^(2) ^(2), 



T^]]±[T 3 ^,[T 3 lz; ,7! 



T (2) T (i)^ T a) 



3 5 - t ± 

± (T 3 (1) Ti 2) 



(2.71) 



Eqs. ( gg§ , ( p3TD and (|2~B1 ) lead to eqs. ( ggg) , (|2T39| ) and ( ggg ), i.e., Y(sl{2)) can 
be generated based on T« and T^ 2 ). The "closure" of eqs. ( ggg ), ( gg9]) and ( gggfl 
for s/(2) means that we can use {/a} and {Ja} to generate any new generators of 
Y(sl(2)) based on eq. Q2.68|) to form an infinite algebra. 



§3 Realization of Yangian 

§3.1 Y(sl(2)) 

N N 
I = Si, J = x Sj 
i=i j^j 

where / = {/a} an d J = { J\}(\ = 1, 2, 3) and 

satisfy eqs. (ggg)-(ggg). Therefore eq. Q forms a F(sZ(2)) 0. 
To prove the statement first we rewrite eq. ( |3.2| ) 

[S?, Sf] = 0, for a = ±, 3, 



(3.1) 



(3.2) 



We should verify that the defined {I\} and {Ja} satisfy eq. ( |2.20p and eqs. ( |2.35| )- 
( |2.37| ). Since by Ja — > J\ the constant h can be removed, one can takes h — 1. 
Defining 



£3 



± 



■4 = T £ .s;. J 3 = - £ 



(3.3) 
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where + Wji = 0, and substituting them into eqs. (|2.20|) , ( |2.35| )-( |2~37| ) we have 

(5f) 2 = 0, (^) 2 = 1 
i.e., the operators should be Pauly matrices, and 

WijWjk + W ]k W kl + W ki Wij = -h\ (for i^j^k^i)] (3.4) 
The simplest solution of Wij is given by 

!h i < j 
1=3 (3.5) 
-h i>j 

that is nothing but the statement. 

§3.2 Example for Y{sl{2)) 

By using the fermion operators acting on i-th site 

a \ = 4p a i = °ih 4 = c \v h * = c n ( 3 - 6 ) 
satisfying 

{di, a 3 } = {a\ a]} = {b h bj} = {b\, b}} = (3.7) 

{a\, aj } = 5ij, {&}, bj} = Sij, (3.8) 

and a|(oj) anticommute with b\(bi). The realization of Y(sl(2)) can be made by 

i+ = E4^ = E^ 

i i 

i = £&k = £'r ( 3 - 9 ) 

i i 

h = ^£(ak = £ If 

i i 

that satisfy si (2) algebra 

[J 3 ,/ ± ] = ±/ ± , [/+,/_] = 2/ 3 (3.10) 

and 



1,3 1,3 



Js = \li:0 i j(4a j -btb j ) + UY / ei, j ltIi\-T / J ! 



1, j 
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where 



'':) 



5ij-\ - 5, 



ij'+l) e ij 




(3.12) 



By virtue of eqs. ( |3.6|) -( |3~8D the validity of eq. (|2.22j ) for eqs. (|3.10|) - (|3.12|) is convinced. 
One then able to set 



a±i±, T, 



(i) 



2a + a_I 3 , Ti 2) = (3+J+, T 3 {2) 



2«+/3_J 3 



with 



(3.13) 



(3.14) 



We thus have made a physical realization of eq. (|2.66 ). Since the construction of 
TQ n \jj) has been made the eq. (|2.67| ) hold, we should show the validity of eq. (|2.70| ) 
for eqs. (|3~9|)-( |3T2] ). Substituting eqs. ( |3.13j ) and ( |3.14j ) into eq. fl2.70| ) and calculating 
order by order we find the forms of the formulae of Drinfeld for m = n = 2: 



[J±, [Js, J±\ 
[Js, [J+, J-] 



_JJ_ 

13+13. 



-(J + J_ - J + J_)/ 8 



where 



1 n-l 



u 2 . 



For m = n + 1 and m = n — 1 one can check that eq. ( |2.69| ) identically vanishes. It 
means that eq. ( [2.69 ) is satisfied for m = 3, n = 2 and m — 2, n — 3. By direct 
calculation eq. ( |2.69| ) can be shown to be true for m — 2, n = 4 and m = n = 3. 

What is the physical meaning of such a realization of {/a} and = 1, 2, 3)? 

The {Jj} describe the local spin "rotation" (up-down) and do not shift the fermion 
located at lattice. However the operators Ji describe the hopping of fermion from the 
i-th. site to the next ones. More explicitly fl2| eq. (|3~TT|) can be written as 



J+ = ^2(a\b i+ i ~ ~ U ^2{a\bi(a]aj - b]bj) - a]bj(a\ai - b\bi)}, 

J 3 = \ H( a l a *+1 ~ ~ a \ a i-l + + U ( > J>l>)<l; r 



(3.15) 



''J 



J- = J2(b\a i+1 - fejaj_i) + U ^2{b}ai(a}aj - b]bj) - b)aj{a\ai - b\bi)}. 



i -j 



The realization eq. ( |3.15| ) possesses a nice property in that the Hamiltonian of the 
1-dim. Hubbard model 

H = J2( a l a i+i + a l+i a i + b \bi+i + b\ +1 bi) - U Yl( a i a i - \)(b\bi - -) (3.16) 
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commutes with {I\} and {J\} given by eqs. ( |3.9| ) and ( |3.15| ): 

[H,I a ] = 0, (3.17) 

[H,J a ] = 0, (a = ±,3) (3.18) 

Therefore 

[H,Y(sl(2))} = (3.19) 



i.e., Y(sl(2)) serves as a symmetry of 1-d Hubbard model. The eq. (|3.17| ) is easy to 



be proved. For eq. ( [3.181 ) the periodic boundary condition should be taken account. 



By substituting eqs. ( |3.15|) and (|3.16|) into the commutator eq. (|3.18|) the direct check 



verifies the validity of the statement [0. 

For a nonlinear model with hopping there exists the interaction between different 
sites. Is there a global symmetry besides the "total" spin? The answer is yes. This 
new symmetry is nothing but the Y(sl(2)) in the example. To form a Yangian the 
operators {J\} play the central role. They describe the hopping from i-th site to 
{i + 1) or {i — 1) plus the operators Yltyj Si x Sj. Obviously { J\} cannot be closed, 
because the set { J\} shifts the fermion one by one site. Only at the periodic boundary 
it makes the "particle" return to the starting one. The existence of Yangian means 
that we can move a "particle" to any site through only two types of operations: "local 
rotation" ({/a}) and "one-site shift" ({J\}). The consistence of associativity for the 
successive shift operation yields the constraint condition to {I\} and { J A }, as shown 
by eq. ( [2.391) . For a physical system if there is sZ(2)(or SU(2)) symmetry in the 



absence of interaction, we may ask whether there exists symmetries that describe the 

nonlinear-interaction systems. For the particular classes of models the answer is yes. 
The Yangian is just served as such a symmetry. 

§3.3 Example for Y(sl(n))(n > 2) 

Let us discuss an example for long-ranged interaction model associated with sl(n)(n > 
2) Hl3| . Introducing the spin operators 

N 

I a = J2 S ^ (a=l,-..,n) (3.20) 

i=l 

where 

[S?, Sj] = f a bcSi5ij (3.21) 

and 

Ja = Y. Wijf abc S^S], {Wn = -W 3l ) (3.22) 
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The structure constants f a f, c obey the Jacobi identity: 

fabcfdec fadcfbec faecfbdc- (3.23) 

It is easy to verify that eq. ( j2.46| ) is satisfied with C a bc = fabc- As pointed by Drinfeld 
for sl(n)(n > 2) eqs. (|2.46|) and ( p.47|) imply eq. ( |2.48| ). Therefore we should check 
the validity of eq. ( |2.47D based on eqs. ( p.20|) and (|3.22|) . After calculation we get 



JV 

E 



[Ja, Jb] — E WijWikfal3^fb^vfa^vT°!jl 1 



where 



ijk 



QP no Ql I Q@ C7 C a I C7 C a C/^ I Q a C7 



Hence 



'k u i u j 



A' 



k u j 



[Ja,[Jb,Jc]]=fbcx[Ja,Jx]= £ ^^X^f 

where 

5aftc = fafj,ufa/3fifbc\f\-yu 

repeated indices are summed. One can prove that 

a/37 1 «/37N 1 I r,OilP 1 „Q7/3 1 „a7/^ 



KiJabc * {Jbca ^ i/cab J ^ l,y a;)c i" y bca i" y cab 



E, (a/37) 



abc 



where (a/37) denotes the summation over the permutation to a, /3 and 7 

^"afec f aaxfbPnf crfv f\nv 4! O n 



' A/if Wafeca/37 

that has appeared in eq. ( |2.40|) . 
With the notations we have 

N N 

E WyWHigg + g& + g^lffi = E 
With the help of the above relations on the basis of the Jacobi identities 

[J a , [J b , Q] + [I a , [J h , JJ] = [J a , [J h , JJ] + [J c , [J , J 6 ]] + [J h , [J c , I a ]\. 



(3.24) 

(3.25) 
(3.26) 

(3.27) 
(3.28) 
(3.29) 



(3.30) 



(3.31) 



Only the case where a ^ b ^ c ^ a should be taken into account. These components 
of eq. ( [3.31D are equal to 



2 £ 



tftfk ( W ij W iktabc Sj S k + WikWijt^SfSlSj 

+w kl w k] t a ^sis?s? + WflWfll&SfsrSZ 
+W jh W ji tt 1 SCSI'S? + WuWul&SZSfS?) 



N 



E (WijWik + WjkW^ + WuWk^iS^S^SZ} (3.32) 



-,/3 r-7 1 



i¥=j¥=k^i 
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Defining 

A iifc = WijWtk + W jk W,i + W ki W kj , (W id = -Wji) (3.33) 
and noting that there is no summation over the repeated lattice indices, when 

Aijk = h 2 , (independent of i,j,k) (3.34) 
the lhs of eq. (|3.31|) (with a ^ b ^ c ^ a) is equal to 

h 2 a abcdef {I d ,I e ,I f } (3.35) 

which is exactly the relation eq. ( |2.47j ). Thus let eq. ( |3.22| ) satisfy Y(sl(2)) the 
eq. ( |3.33| ) should be satisfied, i.e., 

A ijfc = WyWit + W jk W dl + W kl W kj = h 2 , (Vi^j^k^i) (3.36) 

which is the same as eq. (|3.4|). Besides the solution (|3.5|) , the general solution |L4] 



W Jk = (ih)-^—f (3.37) 

~ ^k 

where {Zj} is a discrete set of complex number. Thus 

TV N y , y 

J^U^St + ihYt-f^f^Sl, M,c=l,2,...,n) (3.38) 

i=i j^k Zjk 

together with eq. ( |3.20| ) generate the Y(sl(n)) for a free parameter U. Here we have 
used the important property of Yangian [JR], [TJJ]: 

Suppose {/ a } and {J a } generate Yangian then the {/ a } and {J a } also generate a 
Yangian, where 

J a = UI a + J a , (3.39) 

U being an arbitrary parameter. This statement can be verified easily because J a 
behaves completely in the same manner as J a . 

The simplest form of Wj k is Z k = e % ~^{k integer), then 

W jk = h coth (LZpl. (3.40) 



The associated Hamiltonian systems were found in Refs. [Tj|. Now we can deduce 
the Hamiltonian from our point of view. 
Noting that 

C 2 = T (2) - l -{2lj + J + J_ + /_/+) + i pr« + \{T^) 2 } (3.41) 
Assume 

r w = E/«(^-i) ( 3 - 42 ) 
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where Pv» stand for the permutation operators 



Pij — 2*S*^ Sj ~\~ Si Sj ~\~ Sj 



then from 



[T (2) )T ( 2)] 
[if, if] 



±[T ( 1)T ( 2) _ T ( 2 ) T ( 1)] 



-W 2 

2 8J 



-2/f 2 + iv(iv-i) + i[r (1) + i(r (1) ) 2 ] 
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EW- 1 )^- 1 ) 



(3.43) 



it follows 

A? = 
we obtain 
C 2 = 

where 

H 2 = 

and T , C 2 , {I a } and {J a }(a = ±, 3) are all commutative. Therefore we have the 
Hamiltonian 



(3.44) 



(3.45) 



tf 2 = £#t-to 



(3.46) 



that was obtained in Ref. 15 



§4 Long-Range Interaction Models and Yangian 
§4.1 Polychronakos' Approach 

Besides the nearest neighborhood models(such as Heisenberg chain, Hubbard model, 
. . .), recently, a number of one- dimensional long-range interaction models have been 
studied fll5] . The typical one is Calogero- Sutherland model [16[], then it is subse- 



quently extended to the models with internal spin degrees of freedom ||17| . Among 
them an interesting approach was proposed by Bernard, Gaudin, Haldane and Pasquier 
(BGHP) |L7j who made this type of models related to the RTT relation associated with 
Yang-Baxter equation(YBE). The BGHP approach provides a method to deal with 
long-range interaction models: for a given rational solution of YBE, for example, 
R(u) = u + P which is given in eq. ( |1.15|) , RTT relation gives rise to the Yangian 
symmetry. With a particular realization of the Yangian, in general, we can generate 
corresponding Hamiltonian of the considered systems. 
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On the other hand Polychronakos had formulated the integrability in terms of the 
"coupled" momentum operators fl^fl: 



7Ti = Pi I i^2\'ijl<ij 

d 



(4.1) 



where Pi = —i^r (h = 1), V%j = V[xi — Xj) a potential to be determined and 
the particle permutation operators. The requirements of the Hermiticity of 7Tj, the 
absence of linear terms in pi and that only the two-body potentials in the Hamiltonian 
lead to 



V(x) = -V(-x) , 



~ r H V ijk K ijk 

¥jw< 



where 



VijV jk + V jk V ki + VkiVij = Wij + w jk + w kl 
^ijKj k 



(4.2) 



(4.3) 



with Wij = W(xi — Xj) being a symmetric function. The commutation relation 
between 7Tj and Tij is found to be 

[iTi, 7Tj] = Vijk(K ijk - Kj ik ) . (4.4) 

This approach can be applied to many integrable systems, including the CS model, 
5-interaction model and so on. 



§4.2 Sutherland-Romer and Yan Models 

Let us first discuss the extended forms of Vij in eq. ( [4.1|) that are different from those 



given by Ref. ||18[ . Setting 

Vij = r u"u + Pijbij 
where P^ are given as 

P ± = 1 ± 0i0i (a 2 = 1) 
<7i is quantum operators obeying 



ViKmn = K mn Oi {% ^ m, n) 



(4.5) 



(4.6) 



then by substituting eq. Q4.5| ) into eq. ( [4. 1| ) and doing the parallel discussion in 
Ref. irrSI, we find 



Vijk — PijkA-ijk + Pij k Aij k + P kij A kij + Pj ki Aj 



jki 



(4.7) 
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where 



P ± 

ijk 
A-ijk 
Pijk 



p±p± 
± ij ± ik •> 



Noting that P± h = P % 



ikj 



Pkji, but p ijk = p jik only. 



The sufficient condition of the quantum integrability of eq. ( 4.1 
Vijk — constant (or zero) . 



is 



Now let us look for new solution of eq. fl4.8|) 
(1) When Aij k ^ 0, ^ 0, a sufficient solution can be checked: 

a(x) = /coth(ax) (or a(x) = / cot (ax)) , 
b(x) = /tanh(ax) (or b(x) = Ztan(ax)) 

where x = Xij = Xi — Xj, a, I are constants and 

Kj'fe = —l 2 {Pijk + Pijk + Pkij + Pjki) = • 

Define 



then eq. (|4.10|) leads to 



1 



i i<j 



Pi 



sinh 2 (aXij) cosh 2 (ax 



(4.t 



(4.9) 



(4.10) 



(4.11) 



(4.12) 

When Kij = ±1, eq. (|4.12|) was firstly given in Ref. |L9| and studied by Sutherland 



and Romer |20[ in detail. 
Define 

7fj = TTi + H Kij , 



then 



2z/(7Ti - 7Tj ) -fQj 
Tf*] = . 



The conserved quantities are given by 



(4.13) 



(4.14) 
(4.15) 



(4.16) 
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which leads to 

[InJm] = 0, (4.17) 

[H,I n ] = 0, (4.18) 

i.e. the model is quantum integrable in the sense of Liouville. 
(2) When = 0, we consider two cases 

(a) A ijk = 

I 

a(x) = - , Vijk = , 

H - (4.19) 

that is well known as Calogero model when takes the value 1. 

(b) A ijk = /3 2 ^Q 

K *s\ = P E P U K ^ - K &) ■ ( 4 - 2 °) 

Define 

ni = m + PY, p 3 K ii > ( 4 - 21 ) 
it is easy to prove that 

[7fi,P+]=0, Vzandj^ (4-22) 

and 



7Ti, 7T 



2.7/>;u; - ; )/v, v , (4.23) 



= 2^^-^)^, (4.24) 
so that eq. (|4.17|) is also satisfied. Let 



H=\H^ + T E (4-25) 

With the help of eq. ( |4.2U| ) , one can prove 

[H,n] = [H,Wi] = [H,I n ]=0. (4.26) 

For the case (b) we have two sufficient solutions of V^&: 
(i) a(x) = il cot (ax) (om(x) = I coth(ax), 

\r _ /2 p+ 
Vijk — l J^ijk J 

# = | £tf + \ E .^7 a ^\ ^ • (4-27) 
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Eq. ( |4.27| ) is the generalization of the spin chain model considered by BGHP [17]. 
(ii) a(x) = Zsgn(x), 



H = I £p? + \ E *(* - KyMxi - Xj)P$ . 



(4.28) 



with the condition that K%j = ±1, eq. ( |4.28| ) was first pointed out by Yan []2T] through 



Bethe Ansatz, he also found the Y-operator defined by Yang for eq. (|4.28 ) 



Yi 



a(3 



where P is the permutation and Y satisfies 

yaPyPlyaP _ yP~iyal3y(3~i 

jk ik ij ij ik jk 



[ikij - C(l - <7 i <7 J -)][-ifeijP a/3 + C(l + <Ti<Tj)\ 



(4.29) 



(4.30) 



and c = 1(1 ± l)/2 for = ±1. Noting that there is only P^ in the Hamiltonian 
eq. ( |4.28| ) for the quantum integrability. 

Now we have re-interpreted the models eq. ( |4.12 ) and eq. ( [4.28| ) from the point 
of view of the formulation eq. ( |4.1j ). Next we shall set up the Yangian description of 
models eq. ( [4.12| ) and eq. ( f4.28| ) through RTT relation. 



§4.3 RTT Relation and Long-Range Interaction Models 



Let us apply the BGHP approach [T7J to the S-R model and Yan model. The solution 
of Yang-Baxter equation, P-matrix, takes the simplest form ( |1 . 1 5| ) as 



R(u) = u + APoc 
and the RTT relation reads 

Rw{u - v)T°(u)T°'(v) = T°'(v)T (u)R^ iu - v) 



(4.31) 



(4.32) 



where T°(u) = T(u) ® 1, T ' = 1 ® T(u) and Poc is the permutation operator 
exchanging the two auxiliary spaces and 0'. Make the expansion 

p 

(4.33) 



T°(u) 



oo \ rjiab 



a,b=l 



n=0 



+1 



Poo' 



a,b=l 



(4.34) 



Notice that T£> is the same as T fe ( " +1) in the §1 and §2. It is well known that {T% b } 



generate the Yangian [[K|. Substituting eqs. flOID , (pTBIf ) and (ggg ) into eq. dQ2|) 
one finds 



a,b c,d n=0 I 



-n— 1 tn 



J I 



-n—1 j?n 



/ 2 n +E« _ 

m=0 







(4.35) 
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where 

rn r r-pad c rpcb \rpab rpcdl 

h — °bc-L n -<W n -[-Ln ) J J J 

rn,m \ irpadrpcb rpadrpcb\ _i_ trpab rpcdl TTiab Tied 1 

For any auxiliary space {X a t,} we require /" = = /^' m = 0. Obviously, /" = is 
equivalent to f£ — 0. So we need only to take 

/r = ir = o (4.36) 

into account. 

First from f£' = it follows 

6 bc T: d +1 - 8 ad Tf +l = X(T ad Tf - T« d T*) + [Tf, Tf] (4.37) 

which can be recast to 

Tn+i = HT ad T c n c - TfTtf + [T: c , Tf] (a^d), (4.38) 
TT +l ~ T~ +1 = A(T -T„ CC - T^T?) + [ T -, T™\ , (4.39) 

where no summation for the repeating indices is taken. Eqs. (|4.38|) and (|4.39|) imply 
that Tf can be determined by iteration for given Tf and Tf. 
Now let us set 

N 



Tf = ^ if , (4.40) 

i=l 
N 

Tf = ^JfA (4.41) 



i=l 



and 



\lfjf]=5 t] (5 bc lf-5 ad lf) (4-42) 



where A are operators to be determined. Substituting eqs. ( |4.40| )- (|4.42|) into f\ we 
obtain 

y E y El?[D i ,lf\ = 0. (4.43) 
Further we assume 

£/f 6 [A,/f] = 0,foranyj (4.44) 

i 

with which the Tf should satisfy 

S bc Tf - 8 ad Tf = ]T If If J A iflfiDj - Di) + [A, Dj 

v£j \ k,l 

+ Y^bJ- d D--SadlfDf) . (4.45) 
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A sufficient solution of eq. (|4.45|) is 



iab 



E^ 2 



(4.46) 



with 



[A, Dj] =\J2 J j hl i a ( D i ~ D j 



(4.47) 



a, 6 



Thus eq. ( |4.41|) generates long-range interaction through the eq. ( |4.44j ) and ( f4.47| ). 
However so far there is not simple relationship between A and Ij b which should satisfy 
eq. ( 4.44 ). It is very difficult to determine the general relationship. Fortunately, 
BGHP [|TJ]] have set up the link with the help of projection. Let the permutation 
groups Si, S 2 and E 3 be generated by K^j, Pij and the product PijKij respectively, 
where exchange the positions of particles and exchange the spins at position 
i and j. The projection p was defined as 



p(ab) = a for Va G S 2 , & G Si 



(4.48) 



i.e. the wave function considered is symmetric. Let If b be the fundamental represen- 
tations, then 



Pi 



Ejab jba 
i 3 



(4.49) 



Suppose that there exists JT7] 

A = p(A), Ae£ 2 , AeSi 

and the A is particle-like operators, i.e. 

KijDi = DjKij, KijDx = DiKij (I ± ■ 
Define 

^ = E J fV(A m ) (rn>0), 

i 

then 

(a) [D jt A] = - A)) = A(A - bi)Kij 



(4.50) 



(4.51) 



(4.52) 



(4.53) 



(b) satisfy eq. (gjgg) , i.e., RTT relation eq. fl43p . Actually = is easy to be 
checked. By using 



n-l 



n-1 



[A n > D™} = £ A fc [A, b™\bY k ~ x = A £ L>f(A m - Df)D^~ k ~ x K. 



I] -I 



k=0 



k=0 



we have / ; 



n,m 
3 



0. 
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The projection procedure is very important for it enables us to prove that eq. 
is satisfied by virtue of eq. ( |4.50| ). 

With the expansion eqs. (|4.33| ) and the projected long-range expansion eq. ( |4.52|) , 
the hamiltonian associated to T{u) is obtained by the expansion of the deformed 
determinant [|T^] : 



detgT(w) = ^e(a)T lai (u - (p - l)A)T 2(72 (w - (p - 2)A) • • -T p(Tp (u 

cr 

A calculation gives 
detgT(w) 



1 + -M+A 

u u z 



p(Ea-^E^) + ^(m-i) 

i j^i 



A 



A 2 



u 



A 



+A(M-l)£(A-rE^) 

A 2 A 2 
+ —M(M - 1)(M - 2) + —M(M - r 
6 4 



One takes the Hamiltonian as 



(4.54) 



(4.55) 



(4.56) 



Therefore we define the Hamiltonian which have the Yangian symmetry given by 
eqs. ( [4.52]) , (|4.42|) and ( [4.47 ). In comparison to the known models we list the expres- 
sions for L>i satisfying eq. (|4.53|) [|T^] 
(1) Di = pi + | £ ¥j [sgn(xi -Xj) + l]Kij, A = 2il, 



i i^j 

(2) Di = pi + J^i^j l[i cot a(xi - Xj) + l]Kij, A = 21, 

1 V 2 1 V 1(1 - aPjj) 
2^ + 2^sin 2 a(^-x,) ' 



(4.57) 



(4.58) 



(3) Di = pi + il J2ijLj[cotha(xi — Xj)P^ + tanha(xj — XjjP^ + lJ-fQ^, A = 2il 



i i^j 



P+ 

13 



P~ 

13 



sinh 2 a(x{ — Xj) cosh 2 a(xi — Xj) 



(4.59) 



Eqs. ( |4.57|) and (|4.58|) were given in Ref. eq. Q4.5SQ was studied in Ref. ]T7 
Eq (|4.59|) is the generalization of S-R model. 
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An alternative description of transfer matrix was given by BGHP |[L7| . Define 

(4.60) 



i<j 



then 



[A, Dj 







[K ij ,D k ] = (k^ij) 
KijDi - I )j K,, = A . 

It was proved that 



fi(u) = 1 + A 



u — Di 



f(u)=l[f l (u) and p(f{u)) 



(4.61) 
(4.62) 
(4.63) 



(4.64) 



all satisfy the RTT relation. 

The deformed determinant of T(u) was defined by 

det,f («) = Am ^ u + X) , A M (u) = f[(u - A) ■ 

It was proved that 

p(det 9 f (u)) = det,(T(tt)) . 
To contain the model eq. 



(4.65) 



(4.66) 



as 



we define Di related to the 7Tj given by eq. Q4.21| ) 

(4.67) 



3<i 



which satisfies eqs. (|4.61| ), (|4.62|) and (|4.64|) etc. So we can put the models eqs. (|4.12|) 
and ( [4.28 ) into Yang-Baxter system. 

In conclusion of this section we have shown the consistence between Yangian 
symmetry and the integrability of Polychronakos for long-range interaction models 
[IS] and given the interpretation of S-R model [|T9| , p0| and Yan model [21] from the 
point of view of YB system. 



1 5 Truncated Transfer Matrix T(u) and G-C Top 



For the i?-matrix is given by eq. ( p.. 151 ) the case (A) in the section II yields Yangian 

Now let's look for what kind of algebra appears for the case (B), i.e., = g g 

In this section the transfer matrix for the case (B) is denoted by t(u), the RTT relation 
is calculated to give the following relations(a, b = 1, 2). 



r,(m) ,(k)-i 
[ L ab ) L ab J 



g r f (m) ,(fc)l 
u ; i L ab > L cd J 



(m,k>l) 



(5.1) 
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that are the same as those for the case (A), the other relations are given by 



+ (fc)i 



t 



(k) 

12 



r.(i) Akh 

ri2 j h 22 J 
.(1)1 Ak) 



A 1 ) A k h 



[ L 22 j L ll 
U(2) .(*) 
rl2 5 b 22 
\A2) Ak) 
[ l 21 j l 22 



\M .(.in ,w _ r, 
[ L 12 ) Hi J) t 21 — 

"r ^21 t 12 t 21 l 12 



[ t 21 j t 22 



(k) ,(1)1 
21 ? ni J 



_ r.(fc) Alh 

l 22 — [ L 12 5 ^21 J 5 



(k>l) 



"r 6 12 l 22 

, Ak)Ai) 

i r 22 r 21 



t 12 l 22 

f (l) f (fe) 
r 22 r 21 



(*>1) 



(5.2) 
(5.3) 



(5.4) 



and the iteration relations 

t 
t 
t 



Not all the above relations are independent. By substituting eq. ( |5.4| ) into eq. ( |5.2| ) 
and taking eq. (|5.1| ) into account it can be shown that only k = 1,2 in eq. (|5.2j ) is 
independent. Thus eq. (|5.2|) is simplified to 



(fc+l) 

12 


— [ L 12 


Akh 
l n 


, Ak)Ai) 
■f i u l 12 


,«#) 

l ll 6 12 ) 


(fc+l) 
21 


= [t { £ 


L 21 


, Ak) (1) 
i* r ll r 21 


~ ^11 ^2l\ — 2) 


(fc+l) 
22 


— ri2 


Akh 

l 21 . 


, Ak)Al) 
■f t n t 2 i 


f (l) f (fc) 
HI t 22 • 



*(fc)i 
ri2 ) l 2i J 



Ak) r.(l) ,(fe) 
6 12 5 ri2 ; t 22 

(*) r+W M 



0. 



^21 ) fel ) ^22 ] — 0) — 1) 2) 



^22 } ^22 ^ center. 



Because t^j is a center and 



/2) 
t 22 



f (i) , Al)Ai) 

h 22 "r Hi t-22 



,(!).(!) 
l 12 6 21 



is then also a center: 

[c 2 ,ti?] = o. 



One is able to show that the relation given by eq. ( 5.3|) can be reduced to 



r,(2) ,(fe)l . , W .fV 
L t 22 > t ll J ~T t 21 6 12 



4M? = 0, (k> 2). 



(5.5) 
(5.6) 



Therefore now eqs. (|OD , (glf), (pf) and (|5lD 
simplest realization of eq. ( |5.2f ) for fc = 1 is 



M P 
P C 



are independent relations. The 



(5.7) 



where C is a center and 

[M,P] = P, [M,P) = -P, [P,P] = C 
A simple realization of eq. (|5.7|) is when C = 0: 



ip e 







(5. 



(5.9) 
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where 



\p,q] = -i (5.10) 

i.e., p and q obey the Heisenberg algebra. 

To determine we should find a realization satisfying eqs. (|5.1| ) , (I5.2! ') and 
( |5.3f ) for k = 2. The corresponding relations for k > 2 yield the constraints to the 
considered operators. This will gives rise to a new type of infinite algebra. However 
what we are interested in is to find a more physical example where the expansion of 
t(u) is truncated 



t(u) 



5> 

n=0 



i.e., 



t 



(m+l) 



0, (allt (fc) = for fc > m+ 1). 



(5.11) 



(5.12) 



This possibility is prohibited for the case (A) which leads to Yangian, however 

1 


calculation. Let us look for an exact solution of m 



eq. ( |5.12|) can be allowed by 



This fact can be verified by direct 
3, i.e., by substituting 



Uu) 



1 





u -* f (2) + u -3 f (3) 



(5.13) 



into the RTT relation to find a sufficient solution of and t^ 3 \ This solution 

is related to the Goryachev-Chaplegin gyrostat discussed in Refs. [^2[ p3|| . 

This model is interesting for the finite terms in the expansion of t(u). The trun- 
cation of t(u) corresponds to the finite number of conserved quantities and the satis- 
faction of RTT relation indicates the quantum integrability of the model. 

The Goryachev-Chaplygin(G-C) top is completely integrable in sense of Liouville 
as shown in the literature ||22|| . It describe an axially symmetric top moving in an 
applied field. In the quantum case the G-C top is extended to the quantum G-C 
gyrostat whose Hamiltonian takes the form: 



H 



-(J 2 + 3 J. 



bxi + p J 3 



(5.14) 



where J 2 = J\ + Jf + Jf and b a parameter. We should note that in this section the 
notations Jj express the angular momentum. They are irrelevant to the JA-operators 
for Yangian shown before. The quantities appearing in eq. ( 5.14 ) satisfy the following 
commutation relations: 



[Ji, Jj] 
[Ji, Xj] 
\X i , Xj ] 

\p, q] 
[p, Ji] 



i^ijk J k 

o , 

-i , 

\p, Xi 



(5.15) 



[q, Xi] = [q, Ji] 
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where i, j, k take over 1, 2 and 3. The momentum p and coordinate q of mass 
center commute with all the locally dynamic variables. The Hamiltonian eq. ( |5.14| ) 
commutes with the other integral of motion: 

G=(2J 3 +p)(J 2 -J 2 3 ) + 2b[x 3 ,J 1 ] + . (5.16) 

where [A, B] + = AB + BA. In addition to the commutation relations eq. ( [5.15| ) there 
are two constraints: 

3 

E J ^ = o. ( 5 - 17 ) 

i=l 

X>i = 1. (5.18) 

i 

Eq. (|5.17|) plays important roles in proving the quantum integrability of the model. 
Now let us turn to the RTT relation. 



For solving eq. ( |1.7| ) with the form eq. ( 5.13|) one first put 

$ = ap, 42=0, 4 1 2 ) =/3e T V, 4 1 i ) =7e" T<? , (5.19) 

and 

4? = flJ 2 + f2J 2 3 +fspJ3 + Ux.+f 5 , 

4? = (P + 93J3)(9iJ 2 + 92J! + 9 5 )+94[J-,x 3 } + (5.20) 

where fi, ■ ■ ■ , fs, gi,---,g<i, «, P, 7 and r all parameters to be determined and 

J± = Ji ± 1J2, x± — Xi ± 1x2 obey the commutation relations shown by eq. (|5.15|) . 

Obviously not all the parameters are independent. A can be normalized to be one. 

Substituting eqs. (|5.19 ) and ( |5.20|) together with eq. (|5.17|) into eq. (|1.7|) after lengthy 

calculations by hand we find 

13 1 
T = -ia^X, f x = --X, f 2 = --X, f 3 = a, f 5 = -—A, 
4 4 16 

9i = -92 = ~^a, g 3 = -Xa , g 4 = -/ 4 , g 5 = ~^ a - 
Denoting fi — f the solution of reads: 

4? = -\x(J 2 + 3J 2 + ^) + apJ 3 + fx., 4? = 

4 2 2 } = -X-^e^f—iJ^x^+x+iXJs-apyj, t$=-ye^*J 3 , (5.21) 

4? = -\<*(p- Xa-'J 3 )(J 2 - J 2 + 1) + i/[J_,x s ] + , 

4? = ^A- 1 /5 7 [J + ,x 3 ] + , 

4 3 2 } = -X 2 Pe T ^fx 2 3 ~^a[J + ,x 3 ] + (p- Xa- 1 ^, 

4? = -\ie-^(J 2 -J 2 + \). (5.22) 
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Therefore the truncated Yangian can be viewed as a mapping of the algebra given by 
eq. (|5TT5| ). 

Substituting the derived t(u) into eq. ( |2.58|) it follows 



dett(w) = w~ 3 - l) _3 A _1 /(« 2 - u + — ){x + x_ + xl). 

16 



(5.23) 



So only Yn=i x i is a Casimir operator, i.e. C m = for m < 4, C 4 = A fY^t=i x 



that commute with Jj. The constraint eq. ( 5.18 ) does not play role in solving the 
RTT relation. By choosing a proper representation eq. (|5.18|) can be taken that is 
automatically satisfied by virtue of eq. fl2.52|) . Notice that dett(u) has zero's at u = \ 



and u = | where the inverse of t(u) can not be defined. 

It is worth noting that the commutation relations shown by eq. ( 5.15|) are invariant 
subject to a transformation: 



J'a = Yl A abJb, Xa = Yl A ab%b, («, b= 1,2) 



where 



A 11 

l ll 



eA 



22- 



A 



12 



-eA 



21 j 



+ A| x = 1, e = ±1 = detA 



(5.24) 



(5.25) 



This transformation is useful to transform the Hamiltonian in preserving the RTT 
relation. 

Let us turn to the conserved quantities for G-C gyrostat. 
By taking the trace of the transfer matrix one obtains 



trt(u) = A + u~ 1 ap + u~ 2 [-^H j2 + 3 ^3 + |) + a P J s + f x - + )>~ 1 f3ix+} + 
{-(ap - AJ 3 )( J 2 - J 3 2 + ~) + /[J_, x 3 ]+ + A _1 /?7[J + , x 3 ] 



4 

Hence we have the Hamiltonian H p and the other conserved quantities G p : 

1 



H P = \ {^A(J 2 + 3J 3 2 ) - fx. - \- l f3jx + - apJ 3 } + -A, 
1 



G p = - |(e*p - AJ 3 )(J 2 - J 3 2 + -) + /[J_,x 3 ]+ + A- 1 /^,^ [ . 



(5.26) 

(5.27) 
(5.28) 



(5.29) 



If one requires 

4A- 1 /3 7 / = b\ 

then there is rotational invariance about the x 3 axis. By virtue of eqs. ( 5.22|) and 
( |5.24| ) we find that eqs. ( |5.27| ) and ( |5.28| ) are reduced to 

H p = ^{^A(J ,2 + 3J /2 )-6a; , 1 -apeJ' 3 } + ^A, (5.30) 

G p = -i|( ap - e AJ' 3 )(J' 2 - J'l + ±) + b[x 3 ,J\] + } (5.31) 



33 



which are exactly those given by Sklyanin ||23|| . Obviously, the parameters A and r 
are trivial in the solution of t(u) and /3, 7 can be viewed as the consequence of t(u) 
subject to a similar transformation. Therefore only parameters / and a are essential 
in determining the form of t(u) though / does not appear in the Hamiltonian. The 
simplest realization of quantum G-C top is a quantum mechanical system on sphere. 

Taking the constraints eqs. ( |5.17|) and ( |5.18[) into account the simplest realization 
of Ji and be made through 

Xi = rn(t), (5.32) 
Ji = -ie ijk nj{t)h k {t) (ij, k = 1,2,3) (5.33) 

that give J 2 = —n ■ n. 

In conclusion we have shown that the truncated Yangian gives rise to quantum 
integrable system with finite number of conserved quantities and make the system 
work in the space higher than (1+1) dimensions. 

The trigonometric extension of the truncated Yangian will be the "truncated" 
affine quantum algebra which is the generalization of Drinfeld's statement discussed 



in Ref. |25], |26|. It gives the g-deformed G-C gyrostat which will be discussed in the 
next section. 



|6 Trigonometric G-C Gyrostat 



If i?-matrix is taken to be the simple 6- vertex from ( 1.17|) , the trigonometric transfer 
matrix T(x) can be found on the basis of RTT relation, where x = e u (or x = e tu ) is 
the spectral parameter. In terms of x, the RTT relation takes the form 



R(xy- l )(T(x) ®T(y)) = (T(y) ®T(x))R(xy- 1 ) 

T(x) can be expanded as 

+00 

T(x) = x n T {n) - 



(6.1) 



(6.2) 



A simple form of trigonometric i?-matrix(which is a deformation of eq. ( |1.18|) ) is given 
by 



R{u) 



sin(w + rf) 



e sin 1] sin u 
sin u e %e sin rj 



(6.3) 



where x = e m , rj and 9 are constants. Set q = e "', eq. 



sin(w + rf) 

—irj 



can be recast into 



R(x) 



xR - x^R' 1 



(6.4) 
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where 



R 



1 

1 q^ 1 — q 



(6.5) 



oo. It can be verified that there is a 



(6.6) 

. Actually, substituting eq. fl6.5| ) into 



(6.7) 



where R is given by eq. ( |6.5| ). It is noted that each element of the matrices T± is 
quantum operator. One can check that 



which is the asymptotic form of R(x) 
subset in T(x): 

T(x) = xT + — x _1 T_ 

satisfying eq. ( |6.2D for the R given by eq. 
eq. (|6.3j) it follows 



R(T± ® T±) = (T± ® T±)i2 
R(T + ®T_) = (T_®T + )£ 



K {q- 1 ~q)X- 
fsf^ 1 



K- 1 
(g- 1 - g)X~ 




K 



(6.8) 



satisfy eq. (|6.7|) when X and .K" satisfy 



KX ± K~ l = q ± X ± , [X + ,X- 



K 2 -K 

q-q- 



-2 



(6.9) 



that is known as the quantum algebra associated with 577(2), denoted by U q (SU(2)). 



The pioneered works concerning quantum algebras were made by Drinfeld [g5 
Jimbo |27| and Faddeev [^] although the simplest form eq. ( |6.9| ) was first presented 
by Kulish and Sklyanin [[|. 

The general form of trigonometric T(x) is very complicated and denoted by 
U q (SU(2)), i.e., the g-affine algebra P5] . The comparison between F(s/(2)) and 
U q (sl(2)) is shown by the following chart-follow (w = q — q^ 1 ): 



R = uP + I 
I 



q=e "i 

rational 
limit 



R given by eq. flO] 



RTT relation 



I 



T(n) = E^ =0 ^ n ^ (n) 



I 



T{x) J2 n =-oo X 
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h 



rational 
limit 



Jx, TW(n>3) 

y( s /(2)) 

deformed loop algebra 



o 

K- 1 

En X U L {n) 

U q {sl{2)) 
g-deformed Kac-Moody algebra 



To find such T(x)-matrix let us consider 2 by 2 matrix, substitute 
T{x)- 



Tu(x) T 12 (x) 
T 2 i(x) T 22 (x) 



+oo 

J2 s n T (n) 



or 



T ab (x) 



E ^ (a,b 



1,2) 



(6.10) 



(6.11) 



into eq. ( |6.1|) we derive 

rrp(k) rp(j)l _ n rrp(k) 

[ 1 ab > I ab I — U > [ J l 



11 5 - t 22 



Uh 



[jn\T. 



22 J) 



\rp{k-l) rpU+lh r T (fc+l) T (j-l)l 
[ J 22 ) J 11 J [ J 22 ? J 11 J 

\rp(k-l) T (j + lh rrp(k+l) T (j-lh 
I 1 21 ? J 12 J [ J 21 ? J 12 J 

~rr(k-i)rp(j+l) n -l T (k+l) T {j-l) 
< l 1 aa 1 ab 1 1 aa 1 ab 

T (k-l) T (j+l) _ -l T (t+l)m(j-l) 
l i- L ab 1 aa H 1 ab 1 aa 

ffpH+^rpik-l) _ -\rp{j-l)rp{k+l) 
" ba aa H ba aa 

nT (j+l) T (k-l) _ i T y_i) T (fe4 

H 1 aa 1 ba H 1 aa 1 ba 



w(T%T 21 



U)rp(k) 



(*) 7^(3)1 _ 
12 i J 21 J - 

rp(k)rp(J)^ 
1 12 1 21 j 



U) rp(kh 
12 ) J 21 J) 



QI ,{rpU)m( k ) rp{k)rp{j) 

W \ 1 XX 1 22 ~ J ll lf < 



22 ) 



(6.12) 



•i) 



T (i+i) T (fc-i) _ T 0-i) T (fc+i) , 7 „T0')T (fc) 

I od I aa -^ab aa ~r~ w± aa - 1 ab 5 

(fc-1) _ T (fc+1) . n rpU)rp(k) 

aa ab aa J-ab ^ UJ± ab - aa i 

T (k-i) T (j+i) _ T (fc+i) T o-i) , T (*) T 0) 

aa ba aa ■^ba ba " aa ? 

T (fc-l) T (j+l) _ T (fe+l) T (j-l) , v;T (j) T ( k ) 
ba aa ba aa ' aa ba ' 



T 2 2(q 1 x) -T 12 (q x x) 
-T 2 i(g _1 x) Tntq^x) 



The inverse of T(x) is given by 

[T(x)]- 1 = [det.TixT 1 
where 

det T(x) = Ti 1 (x)T 22 (g _1 x) - T l2 (x)T 21 (q~ l x) 
It is easy to know that 

[det q T{x),T ab {y)] = 
Correspondingly 

det g T(x) = £ ar n C n , C n = £ ^(T^lf 



1 \2 1 2\ ) 



(6.13) 



(6.14) 



(6.15) 



(6.16) 
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and 

+00 



trT(x)= £ (Ttf'+I&V (6-17) 

n=— 00 

Definition T^ n ^ is called truncated g-afnne quantum algebra if = for \n\ > 4. 
To solve ( |6.12| ) we take the ansatz (motivated by the rational correspondence) 

T (±2) _ T (0) _ T (±3) _ T (±2) _ T (0) 
J ll — J ll — J 22 — J 22 — lr < 



22 

Tg 3) = = T£ 3) = t£ 1} = (6.18) 



and set 



t£ 3) = ±A 3 e™ p , = Ai 0) + e^ p A^ + e^ p Af (6.19) 

T (±2) = e «0W s±2j T (o) = e *9(£(0) + e -^H + e *7^(+)) ( 6 .20) 

= a^V^, 4? = e-^ Q F , g = e*» (6.21) 
where A3, a 2 , f and 77 are constants, P and Q satisfy 

[P,Q] = ~i (6-22) 

here A±(i = 0,1,2), E± 2 , E^\j = 0, ±), F and K are operators commuting with 
P and Q. They will be determined by ( |6.12| ). 

After tedious calculation we find that the following algebraic relations solve the 
RTT relation for 6- vertex form of i?-matrix: 

KE ±2 = q~ l E ±2 K 

A { 1 ] = ThK ±2 , a£> = ±X 3 a 2 1 K T S, F = S (6.23) 
E ± = -E± 2 K ±2 , T 2 ( 2 l) = ±\z 1 a 2 E± 2 K ±1 

where A±, E± 2 , E^ and S satisfy 

q 2 E_ 2 E +2 = E +2 E„ 2 , [Af,A {0) ] = [K, S] = 
KAfK-^qAf, ^E^=A^E^ 

q ±l E ±2 A^ - A^E ±2 = \ 3 wE^ (6.24) 
SA^ - q^AfS = ±a 2 wA% ) K ±1 
SE ±2 - q ±1 E± 2 S = ±a 2 wE T2 K^ 

A realization of the algebra eqs. Q63) and ( ggg ), i.e., T^(T^ = for |n| > 4), 
can be made by 

4 0) = A^-Ss + Ags_, 
E ±2 = (3 { l ) J + x^ + (3 [ i ) x + , 

S = + A 2 , (6.25) 

K = exp (if 77 J 3 ) 
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where A±*, /3±) and \{i = 1,2) are .fT-dependent operators which are given by 

a\ = ga 2 , Ai = (g — tywg^a, A2 = a(q — K + K^ 1 ), (6.26) 

and 

A« = 0, A« = AW^ 1 -^, \ { ? = (l-q- 1 )- 1 q- 5+ T-K- 1+5 +\^ 

\ {2) = (l-g-^^-^a-Vr^A}) ^=0, 

/?i 2) = -(l-g- 1 )- 1 ?- 1 ^^^, /3^=^K^ (6.27) 

/?| 2) = (l-g- 1 )- 1 g - 4+i +a- 1 a 2 r + ^ + - 2 )9i 1) , 

£«» = -A3 1 «;- 1 (l- g - 1 )- 1 g - 3+ '+(/a- 1 a 2 iir- 1 J 9i 1) Ai 1) (gli')(x3) 2 
for <5+ + 5- = 1. 

A (i) = 0> A« = A-ir 2 ( 1+<5 +^, AL 2) = (l-g- 1 )- 1 g- 5+ r_ir 1+<5 +A (1) , 

Af = (l-^-^a-V-Jf 1 ^, /3 W = 0, 

/?1 2) = -(1 -g- 1 )-V +5 +r+K <5 +/5| 1) , P^ = ^K^, (6.28) 

/3i 2) = (l-g- 1 )- 1 g 4+5 +aa 2 - 1 r +J ft: a + +2 / gi 1) , 

£«» = -A 3 1 «;- 1 (l-g- 1 )- 1 g 3+<5 +^a 2 - 1 ^ 1) A W (gir)(x3) 2 

for <5 + + 5_ = —1, where <5 + , a, /? ( - ± - ) , A 1 ^ and r-t are arbitrary constants. It is noted 
that the parameters (3^ (K) depend on K and (qK) on qK , respectively, whereas 
5 + , a, A^ and t± are arbitrary constants. 

The operators J±, J 3 , x± and £ 3 in eq. (|6.25|) obey the following relations 



[J±,x±] 


= [J 3 ,s 3 ] = 0, 




= ±J 3 , [i+,J-] = -#[J 3 ] 


[x±, M 


= ±£±, 


q S *J±x 3 


= X 3 j ± ±T±K ±S ±X ±J 


[x + , X-] 


= 0, £±£3 = q 5± x 3 x±, 


q~ x J±x T 


= x^J+TT^gK^xs 



(6.29) 



together with the constraint 

g[Jz] q x 3 + T_K- 5 -j + X- + t + K s+ Lx + = (6.30) 

In conclusion eqs. ( |6.20| )-( |6.30| ) solve RTT relation for R is given by eq. ( |1.15| ). 

The det 5 T(x) for T^ n \x) = 0(|n| > 4) can be expressed by J±, x± and x 3 through 

det q T{x) = {x 2 + q 2 x~ 2 + a- 1 a 2 (l + q)}C +2 {a~ l a 2 = ±q%) (6.31) 

where 

C +2 = F 2 {r_K s +{J + Lx 3 - T + R5+x + x - + w -^ g ^ 3 ) 2 )}, (w = q- q- 1 ) (6.32) 

1-9 
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with 

F 2 = A3 - qyY^+pWX^K 2 ^ (6.33) 
that leads to for 5+ + 5- = — 1: 

C + = F^T+K^iLJ+x, - T - K ^_f- + W g{x,) 2 )} (6.34) 

where 

Ft = A3 x a(l - g -i)-i g -2-/9-« +/3 (-) A (+) iir 2(i-*f) (6.35) 
The non-vanishing C n in (|6.16|) are 

r _„tW ±3 M ±:L ) =FM ±2 M ±2 h 
0±4 — q {l n ±22 — y J 12 J 21 J) 

C ±2 = q ^Tlt 3) T 2 T ] + q^T^T^ _ T (f ) T (J) _ ^T^, (6.36) 

— J 22 +9 J ll J 22 — <? J 12 J 21 — <? J 12 J 21 J 12 J 21 • 

Substituting ( |6.20| )-( |O4"D into det g T(x) after calculations we obtain C_ 2 = q 2 C +2 , Co - 

a~ x a 2 {l + q)C +2 , C± 4 = and C +2 = q- l a 2 {\ 3 1 Af E +2 ~ q~ x E^)K that lead to 
QOID and (ggg ). 

It is straightforward to obtain 

trT(x) = (Af 3 + e-^A^ + e^A^ + A3 ^K^tf)* 

+\ 3 (e- iTlP x 3 - e ir > p x- 3 ) (6.37) 

where A±\ E± 2 are given by (|6.25|) , whereas A±? and A±* are given by ( |6.23|) . In 
terms of 

3 

T(x) = x " T(n) = T ( u ) E sin ™ u cos ' m uT(n,m) ( 6 - 38 ) 

n=— 3 n,m 

where x = e m one finds 

detgT(w) = {2gcos(2w - £77) + a' l a 2 {l + q)}C +2 (6.39) 

and 

trT(w) = T^i' ^ sin 3 u + T^' 1 ' sin 2 u cos u 

+ (T 1 ( 1 1 ' 0) + Tg' 0) ) sin M + {T^ + Tg' 13 ) cos« (6.40) 

Following the Inverse Scattering Methods and T^' 1 ^ correspond to the momen- 
tum conservation. The Hamiltonian is defined by 

H = f 1 {T& s >+7$ fS >} (6.41) 
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and another constant of motion is 



G = f 2 {T^ + Tir ] } 



(6.42) 



where fi and f 2 are arbitrary constants. 

The Hamiltonian of the system given by eqs. ( |6.41| ) and ( |6.42| ), take the form 



H 



G 



fi (2i\ 3 {aa 2 \q - ^wg' 1 cos^P + £J 3 )] J+ J- 
+2sin(^J 3 )(sin[?7(P + £J 3 ] - aT 1 a 2 q^ sin[r?(P + £J ; 
+ (aa^(q + 1) + 2) cos(fP)} + D 
f 2 (-2iX 3 \aa 2 l (q - l)wg~ x J+ J- 
+ cos(£t?J 3 ) j sin[r/(P + £ J 3 



;)]) 



2(a« 2 " 1 g^ cos[^(J 3 + -)]) 



(6.43) 



(6.44) 



where D± are given by 

+A 3 7 1 a 2 /3| 1) (±J ± x 3 ^- 1 



(1 - q-^q-t+r-K^+il =F g^cT^x. 



-i, 



"Va? 1 =F } 



for 5 + + 5- 



1, and 



;i-g)-V +5+ r + if 



+A (1) (^J + x 3 + (1 - g)- 1 g-*+r_lir 1+ '+(aaJ 1 g =F l)z_) } 



for 5 + + 5- = —1, with e + = z, e_ = 1. 

It is noted that there are two possibilities: 

_ i 

a = ±q 2 a 2 



(6.45) 



(6.46) 



(6.47) 



in (£3§) and ( ggjj ). 

We would like to remark that for the given standard 6-vertex P-matrix eq. (|1.18 



we find a set of solution for truncated RTT relation. The solution can be realized 
through the algebra ( |6.29| ) and corresponding conserved quantities ( |6.43|) and ( |6.44|) . 
Eq. (|6.29|) naturally yields the non-commutative geometry [ 29fl . Since the considered 
system is axially symmetric so that the coordinates on (x\, x 2 ) plane are commute 
with each other, whereas the third coordinates x 3 does not commute with them. 

It can be shown that the rational limit of the trigonometric conserved quantities 
H and G given by eqs. (|6.43| ) and (|6.44|) , respectively, are exactly the same as the 
correspondence in the G-C gyrostat model shown by eqs. (|5.27f) and (|5.28|) . 



All the calculations in this section are tedious and can be found in Ref. 30 
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